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Abstract
Using certain results for the vertex operator algebras associated with affine Lie al-
gebras we obtain recurrence relations for the characters of integrable highest weight
irreducible modules for an affine Lie algebra. As an application we show that in
the simply-laced level 1 case, these recurrence relations give the known characters,
whose principal specializations naturally give rise to some multisum Macdonald
identities.
1 Introduction
Interactions between representations of affine Lie algebras and combinatorial identities
have been well known for many years. In 1972, Macdonald [Ma] obtained a family of
identities related to the affine root systems (see also [D]). This led to further investiga-
tions (see [K1], [Mo], [L1], [K2], [L2]) on combinatorial identities and affine Lie algebras.
In 1978, Lepowsky and Milne [LM] showed that the product sides of the famous Rogers-
Ramanujan identities appear in the principal specialization of the characters of certain
irreducible representations of the simplest affine Lie algebra ŝl2. Further investigation of
this observation led Lepowsky and Wilson [LW1] to give a vertex operator construction
of the basic representations of ŝl2, which was used later by them to give a vertex-operator
theoretic proof of the Rogers-Ramanujan identities [LW3]. In [LW2], Lepowsky and Wil-
son introduced a new family of algebras, which they called Z-algebras, which provided
a new tool for the investigation of the connections between highest weight integrable
representations for affine Lie algebras and combinatorial identities. These investigations
Cook acknowledges partial support by NSA Grant MDA 904-02-1-0072 and NSF Grant CCR-0096842.
Misra acknowledges the partial support by the NSA grants MDA904-02-1-0072 and H98230-06-1-0025.
Li acknowledges partial support by the NSA grant H98230-05-1-0018.
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subsequently led to new combinatorial identities and new algebraic structures such as
vertex (operator) algebras ([B], [FLM]).
It is well known ([B], [FLM], [FZ], [DL]) that the irreducible integrable highest weight
module L(k, 0) (= L(kΛ0)) of level k > 0 for an affine Lie algebra gˆ has a natural structure
of a vertex operator algebra. For many years, vertex operator methods and vertex operator
algebras have been successfully used as new tools in the study of representations for affine
Lie algebras (cf. [Ca], [LP], [LW4], [LW5], [MP1] - [MP4], [Mi1], [Mi2], [P1], [P2]).
A very exciting example is the recent work ([CLM1], [CLM2]), in which by using the
vertex operator algebras L(k, 0) associated with ŝl2 and certain intertwining operators,
Capparelli, Lepowsky and Milas recovered the celebrated Rogers-Ramanujan recursions
and Rogers-Selberg recursions in relation to certain subspaces of the integrable highest
weight modules.
This paper is mostly motivated by the work [CLM1] and [CLM2]. In this paper,
using certain results of [Li2] for the vertex operator algebra L(k, 0) we obtain certain
recurrence relations for the full characters of the integrable highest weight gˆ-modules.
Although motivated by [CLM1] and [CLM2], our methods for obtaining recursions and
the recursions themselves are quite different. Those that we derive are related to the
invariance of characters under the translations in the affine Weyl group. We are essentially
interpreting this invariance using vertex-operator algebraic methods. As an application
for the case that g is simply-laced and k = 1, we use these recurrence relations to recover
known multisum expressions for the characters of these affine Lie algebra modules. In
particular, taking the principal specializations of these characters and equating them with
the known product formulas [L3], we easily obtain some combinatorial identities which
had been proved by Macdonald in [Ma]. In the case of the affine Lie algebra A
(1)
ℓ it has
been pointed out to us by Ole Warnaar that the multisum expression for the principally
specialized character is the generating function for q-cores [GKS]. For the affine Lie
algebra ŝl2 this amounts to a well known identity due to Gauss (cf. [A], [FL], [K2]).
The authors would like to thank James Lepowsky and Antun Milas for their insightful
comments and suggestions which have greatly improved the presentation of this work.
2 Recurrence relations for characters of irreducible
L(k, 0)-modules
In this section, we first review some basic notations and results about (affine) Lie algebras
and vertex operator algebras, and then using some results in [Li2] on vertex operator
algebra representations we derive recurrence relations for the characters of integrable
highest weight irreducible modules for the affine Lie algebra gˆ.
First we review some basic facts about finite-dimensional simple Lie algebras (cf. [H])
and (untwisted) affine Lie algebras (cf. [K3]). Let g be a finite-dimensional simple Lie
algebra of rank ℓ, let h be a fixed Cartan subalgebra and let 〈·, ·〉 be the normalized Killing
form such that 〈α, α〉 = 2 for long roots α. Also, let ∆ denote the set of roots of g and
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fix a set {α1, . . . , αℓ} of simple roots.
Let λi for i = 1, . . . , ℓ be the fundamental weights of g. Denote by Q and P the root
lattice and the weight lattice of g:
Q = Zα1 + · · ·+ Zαℓ, (2.1)
P = Zλ1 + · · ·+ Zλℓ. (2.2)
For α = m1α1 + · · ·+mℓαℓ ∈ Q, set
ht(α) = m1 + · · ·+mℓ. (2.3)
Let {Ei, Fi, Hi | 1 ≤ i ≤ ℓ} be a set of Chevalley generators of g. We have αj(Hi) = aij
where C = (aij)
ℓ
i,j=1 is the Cartan matrix of g. LetH
(i) for i = 1, . . . , ℓ be the fundamental
co-weights, i.e., H(j) ∈ h such that αi(H
(j)) = δi,j for i = 1, . . . , ℓ. The fundamental co-
weights form another basis of h. For 1 ≤ i, j ≤ ℓ, we have
〈Hi, H
(j)〉 = δi,j
2
〈αi, αi〉
. (2.4)
Denote by Q∨ and P ∨ the co-root lattice and the co-weight lattice of g. That is,
Q∨ = ZH1 + · · ·+ ZHℓ, (2.5)
P ∨ = ZH(1) + · · ·+ ZH(ℓ). (2.6)
Set
ρ∨ =
ℓ∑
i=1
H(i) ∈ h. (2.7)
We have
αj(ρ
∨) =
ℓ∑
i=1
αj(H
(i)) =
ℓ∑
i=1
δi,j = 1 (2.8)
for all 1 ≤ j ≤ ℓ. Consequently,
α(ρ∨) = ht(α) for α ∈ ∆. (2.9)
Recall the (untwisted) affine Lie algebra
gˆ = g⊗ C[t, t−1]⊕ Cc, (2.10)
where for a, b ∈ g, m,n ∈ Z,
[a⊗ tm, b⊗ tn] = [a, b]⊗ tm+n +m〈a, b〉δm+n,0c, (2.11)
[gˆ, c] = 0. (2.12)
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For a ∈ g, n ∈ Z, denote by a(n) the corresponding operator of a⊗ tn on gˆ-modules.
Let θ be the highest long root of g. Choose (non-zero) vectors Eθ ∈ gθ and Fθ ∈ g−θ such
that 〈Eθ, Fθ〉 = 1. Set Hθ = [Eθ, Fθ]. Set e0 = Fθ ⊗ t, f0 = Eθ ⊗ t
−1, and h0 = [e0, f0].
Also, let ei = Ei ⊗ 1, fi = Fi ⊗ 1, and hi = Hi ⊗ 1 for i = 1, . . . , ℓ. From [K3],
{ei, fi, hi | 0 ≤ i ≤ ℓ} is a set of Chevalley generators of gˆ.
Let g˜ = gˆ ⊕ Cd be the extended affine Lie algebra (semi-direct product Lie algebra),
where d is the derivation of gˆ acting on g⊗C[t, t−1] as 1⊗ t d
dt
and acting on Cc as 0. The
subalgebra h⊕ Cc⊕ Cd is a Cartan subalgebra of g˜. The homogeneous grading and the
principal grading on gˆ (and on g˜) are given by the derivations dH and dP , respectively,
where
dH(e0) = e0, dH(f0) = −f0, dH(c) = 0, (2.13)
dH(ei) = 0 = dH(fi) for 1 ≤ i ≤ ℓ
and
dP (ei) = ei, dP (fi) = −fi for 0 ≤ i ≤ ℓ, (2.14)
dP (c) = 0.
In the homogeneous (resp. principal) grading we have
deg(c) = 0, deg(a⊗ tn) = n (resp. nht(θ) + ht(α)) (2.15)
for all a ∈ g (resp. a ∈ gα, α ∈ ∆) and n ∈ Z. Observe that dH = −d. We also have the
following known relation between dP and d, which is easy to prove.
Lemma 2.1. As derivations on gˆ,
dP = (ht(θ) + 1)d+ ad ρ
∨ = −(ht(θ) + 1)dH + ad ρ
∨. (2.16)
For any λ ∈ h∗, k ∈ C, we extend λ to a linear functional (k, λ) on h ⊕ Cc ⊕ Cd
by defining (k, λ)(c) = k, (k, λ)(d) = 0. For λ ∈ h∗, k ∈ C, we denote by L(k, λ)
the irreducible highest weight g˜-module (of level k) with highest weight (k, λ). On the
irreducible highest weight g˜-module L(k, λ) for k ∈ C, λ ∈ h∗ we have the homogeneous
grading and principal grading, where we assign the degree of the highest weight subspace
of L(k, λ) to be zero.
For 0 ≤ i ≤ ℓ, set Λi = (1, λi) ∈ (h ⊕ Cc ⊕ Cd)
∗, where λi for 1 ≤ i ≤ ℓ are the
fundamental weights of g and λ0 = 0. In terms of these notations we in particular have
L(k, 0) = L(kΛ0).
Next we review the basic results on vertex operator algebras associated with the affine
Lie algebra gˆ. First we recall the definitions from [FLM] and [FHL] (cf. [LL]). A vertex
operator algebra is a Z-graded vector space V =
∐
n∈Z V(n) (over C) such that dimV(n) <∞
for all n ∈ Z and V(n) = 0 for n sufficiently small, which is equipped with a linear map,
called the vertex operator map,
Y (·, x) : V → (End V )[[x, x−1]]
v 7→ Y (v, x) =
∑
n∈Z
vnx
−n−1, (2.17)
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and equipped with distinguished vectors 1 ∈ V(0) (the vacuum vector) and ω ∈ V(2) (the
conformal vector) such that for u, v ∈ V ,
unv = 0 for n sufficiently large,
Y (1, x)v = v,
Y (v, x)1 ∈ V [[x]] and lim
x→0
Y (v, x)1 = v−11 = v, (2.18)
x−10 δ
(
x1 − x2
x0
)
Y (u, x1)Y (v, x2)− x
−1
0 δ
(
x2 − x1
−x0
)
Y (v, x2)Y (u, x1)
= x−12 δ
(
x1 − x0
x2
)
Y (Y (u, x0)v, x2) (2.19)
(the Jacobi identity). The following Virasoro relation is assumed
[L(m), L(n)] = (m− n)L(m+ n) +
m3 −m
12
δm+n,0 cV (2.20)
for m,n ∈ Z, where
Y (ω, x) =
∑
n∈Z
ωnx
−n−1 =
∑
n∈Z
L(n)x−n−2 (2.21)
and where cV ∈ C is called the central charge (or rank) of V . It is also assumed that
Y (L(−1)v, x) =
d
dx
Y (v, x) for v ∈ V, (2.22)
V(n) = {v ∈ V |L(0)v = nv} for n ∈ Z. (2.23)
The vertex operator algebra V is sometimes denoted by the quadruple (V, Y, 1, ω).
For a vertex operator algebra V , a V -module is defined (cf. [FHL], [LL]) by using
all the axioms above that make sense, except that a V -module W is C-graded W =∐
h∈CW(h), instead of Z-graded, such that for any h ∈ C, W(h+n) = 0 for sufficiently
negative integers n. If W is an indecomposible V -module, e.g., an irreducible V -module,
then W =
∐
n∈NW(h+n) for some h ∈ C.
For the rest of this paper we assume that k is a positive integer. It is well known (see
[FZ], [DL], [Li1], [LL]) that L(k, 0) has a natural vertex operator algebra structure and
that all the irreducible L(k, 0)-modules canonically correspond to the irreducible highest
weight integrable gˆ-modules of level k. Let L(k, λ) be a highest weight integrable gˆ-module
of level k, which is also an L(k, 0)-module, where λ ∈ h∗ is a suitable dominant weight.
We have (cf. [DL])
[L(0), a(n)] = −na(n) for a ∈ g, n ∈ Z, (2.24)
which implies that [L(0)− dH , a(n)] = 0 for a ∈ g, n ∈ Z. Consequently, L(0) = dH + µ
on L(k, λ), where µ is the lowest L(0)-weight of L(k, λ).
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Recall the homogeneous character of L(k, λ)
χHL(k,λ)(q) = trL(k,λ) q
dH (2.25)
and the principal character of L(k, λ)
χPL(k,λ)(q) = trL(k,λ) q
−dP . (2.26)
Definition 2.2. Define a multi-parameter character of L(k, λ) as follows (cf. [K3]):
χL(k,λ)(x1, x2, ..., xℓ; q) = trL(k,λ) x
H(1)(0)
1 · · ·x
H(ℓ)(0)
ℓ q
L(0). (2.27)
Now, with L(0) = dH + µ, using Lemma 2.1 we have
χHL(k,λ)(q) = trL(k,λ) q
dH = q−µχL(k,λ)(1, . . . , 1; q), (2.28)
χPL(k,λ)(q) = trL(k,λ) q
−dP = q−(ht(θ)+1)µχL(k,λ)(q
−1, ..., q−1; qht(θ)+1). (2.29)
The following is our main theorem:
Theorem 2.3. Let L(k, λ) be a highest weight integrable module of level k for an untwisted
affine Lie algebra gˆ. The following relations hold:
χL(k,λ)(x1, . . . , xℓ; q) = (xiq)
2
〈αi,αi〉
k
χL(k,λ)(x1q
a1i , . . . , xℓq
aℓi; q) (2.30)
for 1 ≤ i ≤ ℓ, where C = (aij) is the Cartan matrix of g. In particular, if g is simply-laced,
we have
χL(k,λ)(x1, . . . , xℓ; q) = (xiq)
kχL(k,λ)(x1q
a1i , . . . , xℓq
aℓi ; q) (2.31)
for 1 ≤ i ≤ ℓ.
Proof. Let H ∈ Q∨ ⊂ g ⊂ L(k, 0). Set
∆(H, x) = xH(0) exp
(∑
n≥1
H(n)
−n
(−x)−n
)
. (2.32)
For v ∈ L(k, 0), set
YL(k,λ)(H)(v, x) = YL(k,λ)(∆(H, x)v, x) =
∑
n∈Z
v(H)(n)x
−n−1. (2.33)
We also set
YL(k,λ)(H)(ω, x) =
∑
n∈Z
ω(H)(n)x
−n−1 =
∑
n∈Z
L(H)(n)x
−n−2. (2.34)
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It was proved in ([Li2], Proposition 2.25) that (L(k, λ), YL(k,λ)(H)) carries the structure
of an L(k, 0)-module and it (briefly denoted by L(k, λ)(H)) is isomorphic to L(k, λ) as
an L(k, 0)-module. In particular, L(k, λ)(Hi) is isomorphic to L(k, λ) for 1 ≤ i ≤ ℓ.
Consequently, we have
χL(k,λ)(x1, . . . , xℓ; q) = χL(k,λ)(Hi)(x1, . . . , xℓ; q)
= trL(k,λ)x
(H(1))(Hi)(0)
1 . . . x
(H(ℓ))(Hi)(0)
ℓ q
L(Hi)(0). (2.35)
Next, we find an explicit expression for each of (H(j))(Hi)(0). For G ∈ h ⊂ L(k, 0) and
m ∈ N, we have
H(m)G = H(m)G(−1)1 = G(−1)H(m)1+m〈H,G〉δm,1k1. (2.36)
Since H(m)1 = 0 for m ≥ 0 (from the creation property (2.18)), we have
H(m)G = 〈H,G〉δm,1k1 for m ≥ 0, (2.37)
hence we have xH(0)G = x0G = G and(∑
m≥1
H(m)
−m
(−x)−m
)
G = 〈H,G〉k1x−1.
Then for n ≥ 2 we have(∑
m≥1
H(m)
−m
(−x)−m
)n
G = k〈H,G〉x−1
(∑
m≥1
H(m)
−m
(−x)−m
)n−1
1 = 0. (2.38)
Therefore,
∆(H, x)G = G+ k〈H,G〉x−11,
from which we get
YL(k,λ)(H)(G, x) = YL(k,λ)(∆(H, x)G, x) = YL(k,λ)(G, x) + 〈H,G〉kx
−1. (2.39)
Taking the residue with respect to x we obtain
G(H)(0) = G(0) + 〈H,G〉k. (2.40)
In particular, we have
(H(j))(Hi)(0) = H
(j)(0) + 〈Hi, H
(j)〉k = H(j)(0) +
2
〈αi, αi〉
δi,jk. (2.41)
On the other hand, a similar computation (see [Li2], Remark 2.23) gives
L(H)(0) = L(0) +H(0) +
〈H,H〉
2
k. (2.42)
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Thus
L(Hi)(0) = L(0) +Hi(0) +
〈Hi, Hi〉
2
k
= L(0) +
ℓ∑
j=1
ajiH
(j)(0) +
2
〈αi, αi〉
k. (2.43)
Therefore, we have
χL(k,λ)(x1, . . . , xℓ; q)
= trL(k,λ) x
(H(1))(Hi)(0)
1 · · ·x
(H(ℓ))(Hi)(0)
ℓ q
L(Hi)(0)
= trL(k,λ) x
H(1)(0)+ 2
〈αi,αi〉
δi,1k
1 · · ·x
H(ℓ)(0)+ 2
(αi,αi)
δi,lk
ℓ q
L(0)+
Pℓ
j=1 ajiH
(j)(0)+ 2
〈αi,αi〉
k
= (xiq)
2
〈αi,αi〉
k
trL(k,λ) (x1q
a1i)H
(1)(0) · · · (xℓq
aℓi)H
(ℓ)(0)qL(0)
= (xiq)
2
〈αi,αi〉
k
χL(k,λ)(x1q
a1i , . . . , xℓq
aℓi ; q),
proving the first assertion. The second assertion follows as 〈αi, αi〉 = 2 for all 1 ≤ i ≤ ℓ
when g is simply-laced.
Notice that operators L(0) andH1(0), . . . , Hℓ(0) on the vertex operator algebra L(k, 0)
have integral eigenvalues, so that
χL(k,0)(x1, . . . , xℓ; q) ∈ C[[x
±1
1 , . . . , x
±1
ℓ , q]].
For n = (n1, . . . , nℓ) ∈ Z
ℓ, we set xn = xn11 . . . x
nℓ
ℓ . Define A(n; q) ∈ C[[q]] by
χL(k,0)(x1, . . . , xℓ; q) =
∑
n1,...,nℓ∈Z
A(n1, . . . , nℓ; q) x
n1
1 . . . x
nℓ
ℓ
=
∑
n∈Zℓ
A(n; q)xn. (2.44)
Then we have:
Proposition 2.4. The following recurrence relations hold:
A(n; q) = A
(
n1, . . . , ni−1, ni −
2
〈αi, αi〉
k, ni+1, . . . , nℓ; q
)
q
− 2
〈αi,αi〉
k+
Pℓ
m=1 aminm (2.45)
for n = (n1, . . . , nℓ) ∈ Z
ℓ, i = 1, . . . , ℓ. In particular, when g is simply-laced, we have
A(n; q) = A(n1, . . . , ni−1, ni − k, ni+1, . . . , nℓ; q)q
−k+
Pℓ
j=1 ajinj . (2.46)
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Proof. The recurrence relations (2.31) give us:
χL(k,0)(x1, . . . , xℓ; q)
= (xiq)
2
〈αi,αi〉
k
χ(x1q
a1i , . . . , xℓq
aℓi; q)
= (xiq)
2
〈αi,αi〉
k
∑
n∈Zℓ
A(n; q)(x1q
a1i)n1 . . . (xℓq
aℓi)nℓ
=
∑
n∈Zℓ
A(n; q)q
2
〈αi,αi〉
k+
Pℓ
m=1 aminmxn11 . . . x
ni−1
i−1 x
ni+
2
〈αi,αi〉
k
i x
ni+1
i+1 . . . x
nℓ
ℓ .
Since the sum is over all integers and for 1 ≤ i ≤ ℓ, 2
〈αi,αi〉
is a (positive) integer, replacing
ni with ni −
2
〈αi,αi〉
k we get
χL(k,0)(x1, . . . , xℓ; q)
=
∑
n1,...,nℓ∈Z
A
(
n1, . . . , ni−1, ni −
2
〈αi, αi〉
k, ni+1, . . . , nℓ; q
)
q
2
〈αi,αi〉
k−aii
2
〈αi,αi〉
k+
Pℓ
j=1 ajinjxn11 . . . x
nℓ
ℓ
=
∑
n1,...,nℓ∈Z
A
(
n1, . . . , ni−1, ni −
2
〈αi, αi〉
k, ni+1, . . . , nℓ; q
)
q
− 2
〈αi,αi〉
k+
Pℓ
j=1 ajinjxn11 . . . x
nℓ
ℓ .
Equating the coefficients of xn we get (2.45).
If g is simply-laced, we have 2
〈αi,αi〉
= 1 for i = 1, . . . , ℓ, so that the second assertion
follows.
Remark 2.5. In the case that g is simply-laced, it is clear from (2.46) that all the coeffi-
cients A(n1, . . . , nℓ; q) can be uniquely determined by using k
ℓ (q-series) initial conditions.
Remark 2.6. Let us consider the special case when g is simply-laced with k = 1. By
(2.46) we have
A(n1, . . . , nℓ; q) = A(n1, . . . , ni−1, ni − 1, ni+1, . . . , nℓ; q)q
−1+
Pℓ
m=1 aminm (2.47)
for n1, . . . , nℓ ∈ Z, i = 1, . . . , ℓ. Now we show
A(n1, . . . , nℓ; q) = A(0, . . . , 0; q)
∑
n∈Zℓ
q
1
2
nCnt (2.48)
for n1, . . . , nℓ ∈ Z, where C is the Cartan matrix of g as before. First, we show that for
i = 1, . . . , ℓ
A(n1, . . . , nℓ; q) = A(n1, . . . , ni−1, 0, ni+1, . . . , nℓ; q)q
−n2i+
Pℓ
j=1 njajini. (2.49)
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If ni = 0, the formula holds trivially. Assume that (2.49) holds for ni − 1. Then we
have
A(n1, . . . , nℓ; q)
= A(n1, . . . , ni−1, ni − 1, ni+1, . . . , nℓ; q)q
−1+
Pℓ
j=1 ajinj
= A(n1, . . . , ni−1, 0, ni+1, . . . , nℓ; q)
·q−(ni−1)
2+
Pℓ
j=1(nj−δj,i)aji(ni−1)q−1+
Pℓ
j=1 ajinj
= A(n1, . . . , ni−1, 0, ni+1, . . . , nℓ; q)q
−n2i+
Pℓ
j=1 njajini.
In fact, from this it is easy to see that (2.49) holds for ni− 1 if and only if it holds for
ni. Hence by induction, (2.49) holds for all ni ∈ Z.
Now applying (2.49) repeatedly, we get (2.48) as
A(n1, . . . , nℓ; q)
= A(0, n2, . . . , nℓ; q)q
−n21+
Pℓ
j=1 njaj1n1
= A(0, 0, n3, . . . , nℓ; q)q
−n21−n
2
2+
Pℓ
j=1 njaj1n1+
Pℓ
j=2 njaj2n2
= . . .
= A(0, . . . , 0; q)q−
Pℓ
j=1 n
2
j+
Pℓ
j=1 njaj1n1+
Pℓ
j=2 njaj2n2+···+n1aℓℓnℓ
= A(0, . . . , 0; q)q
1
2
Pℓ
i=1
Pℓ
mi=1
nmiamiini
= A(0, . . . , 0; q)q
1
2
nCnt ,
which proves equation (2.48).
Recall the explicit construction (see [FK], [S], [FLM])
L(1, 0) = VQ = S(hˆ
−)⊗ C[Q],
where hˆ− = h⊗ t−1C[t−1] is an abelian subalgebra of gˆ and C[Q] is the the group algebra
of the root lattice Q.
As A(0, . . . , 0; q) is the coefficient of x01 . . . x
0
ℓ in χL(1,0)(x1, . . . , xℓ; q), we have
A(0, . . . , 0; q) = trS(hˆ−) q
L(0) =
∏
j≥1
(1− qj)−ℓ.
Hence by Remark 2.6 we immediately have
χL(1,0)(x1, . . . , xℓ; q) =
∏
j≥1
(1− qj)−ℓ
∑
n∈Zℓ
q
1
2
nCntxn, (2.50)
which is well known.
In particular, by (2.29) we have
χPL(1,0)(q) =
∏
j≥1
(1− q(ht(θ)+1)j)−ℓ
∑
n∈Zℓ
q
ht(θ)+1
2
nCnt−
Pℓ
i=1 ni. (2.51)
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Remark 2.7. There is a known product expression of the principal character of L(1, 0)
([L3]; cf. [LM], [K2]). Equating the product form of the principally specialized character
with the multisum expression in (2.51) gives combinatorial identities which are essentially
those of Macdonald ([Ma]; cf. [K2]) For example, when g = Aℓ we have the multisum
identity: ∏
j≥1
(1− q(ℓ+1)j)ℓ+1
(1− qj)
=
∑
n∈Zℓ
q
ℓ+1
2
nCnt−
Pℓ
i=1 ni (2.52)
and when g = Dℓ, we have the identity:∏
j≥1
(1− q2(ℓ−1)j)ℓ
(1− q2j−1)(1− q(ℓ−1)(2j−1))
=
∑
n∈Zℓ
q(ℓ−1)nCn
t−
Pℓ
i=1 ni. (2.53)
For g = E6, E7, E8 we also have corresponding multisum identities (see [Co]). For
ℓ = 1, identity (2.52) reduces to a well known identity due to Gauss (cf. [A], page 23,
(2.2.13)), which was interpreted in this way in [FL], Corollary 4.7, by principal special-
ization of the explicit character of the level 1 basic representation of the affine Lie algebra
A
(1)
1 . In [K2], Equation (3.21), Kac obtained an identity corresponding to each order m
“rational” automorphism of a finite dimensional simple Lie algebra. The above mentioned
identity due to Gauss corresponds to an order 4 rational automorphism of the simple Lie
algebra A1. It is also interesting to note that the isomorphism of the two vertex-operator
constructions of ŝl2 reflected by this Gauss identity is found to be a source of “triality”
in the construction of the moonshine module vertex operator algebra (see section 4.5 in
[FLM]).
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